The short-time self diffusion coefficient of a sphere in a suspension of rigid rods is calculated in first order in the rod volume fraction φ. For low rod concentrations the correction to the Einstein diffusion constant of the sphere due to the presence of rods is a linear function of φ with the slope α proportional to the equilibrium averaged mobility diminution trace of the sphere interacting with a single freely translating and rotating rod. The two-body hydrodynamic interactions are calculated using the so-called bead model in which the rod of aspect ratio p is replaced by a stiff linear chain of touching spheres. The interactions between spheres are calculated using the multipole method with the accuracy controlled by a multipole truncation order and limited only by the computational power. A remarkable accuracy is obtained already for the lowest truncation order, which enables calculations for very long rods, up to p = 1000. Additionally, the bead model is checked by filling the rod with smaller spheres. This procedure shows that for longer rods the basic model provides reasonable results varying less than 5% from the model with filling. An analytical expression for α as a function of p is derived in the limit of very long rods. We show that in the first order in 1/ log p the correction to the Einstein diffusion constant does not depend on the size of the tracer sphere. The higher order corrections depending on the applied model are computed numerically.
I. INTRODUCTION.
Binary colloidal dispersions of hard spheres and rigid rods have been of growing interest recently. 1, 2, 3, 4, 5 In the last two years Kang et al. 3, 4, 5 reported on a series of experiments on self diffusion of macromolecular spheres of different sizes in host fd-virus dispersions. In the first work 3 the authors studied tracer diffusion in a suspension of freely moving rods.
They derived a theoretical expression for the long-time self diffusion coefficient, based on the Smoluchowski equation for a sphere and a rod, neglecting the hydrodynamic interactions.
The quantitative agreement with the experiment was obtained only for the large spheres, while for the small spheres the theoretical values of the diffusion constant turned out to be overestimated. This was believed to be due to the growing relevance of the hydrodynamic interactions. In another two papers long time diffusion of small spheres through an entangled rod network was investigated. 4, 5 In the theoretical approach the hydrodynamic interactions were taken into account with the rod network treated as a screening medium and the screening length remaining a free parameter.
The present work is an attempt to provide a more fundamental description of the hydrodynamic interactions in the studied system. We focus on self diffusion of the sphere for short times in dilute rod suspensions. The diffusion coefficient can be expanded in the rod volume fraction, with the zeroth order term being the Einstein diffusion constant of an isolated sphere and the first order term incorporating hydrodynamic interactions of the sphere with a single, freely moving rod. We provide a detailed description of these interactions applying the so-called bead model, in which the rod is replaced by a linear chain of touching spheres.
The simplest bead model, in which the beads are treated like point friction sources, has been first developed by Kirkwood and Riseman 6, 7 in 1948 and used in calculations of diffusion coefficients of wormlike chains. Yamakawa et al. 8 took into account the finite size of beads and used the modified Oseen tensor, obtained from replacing each bead by a shell of smaller subunits. Following this methodology, de la Torre et al. 9 provided a numerical scheme for the so-called shell model, in which the beads are sufficiently small to reproduce the surface of the studied particle. However, a full hydrodynamic description, apart from forces and translational motions of the beads, must take into account higher order multipole components as well as lubrication effects arising for configurations near contact. As an example we mention the works of Durlofsky et al., 10 who included a number of low-level mul-tipoles as well as lubrication corrections and Ladd, 11 who performed computer simulations incorporating multipoles in Cartesian coordinates. The multipole method used here is based on the original solution in spherical coordinates proposed by Schmitz and Felderhof 12, 13, 14, 15 and further developed by Cichocki and co-workers 16 and provides very fast numerical convergence. It has already found many applications, for example in the problem of mobilities of spheres conglomerates 16, 17, 18 and, more recently, transport coefficients in suspensions. 19, 20, 21 In the numerical calculations the multipole truncation order L max is introduced and the accuracy of the results can be easily controlled by changing L max . Also the lubrication corrections have been incorporated in the scheme, providing highly accurate results for the configurations near contact. Cichocki et al. 19 first noted that only the relative motions shall contribute to the correction and proposed a method, which separates out the collective motions. In the foregoing work a new version of the numerical code is used, appropriate for spheres of different radii and thus enabling better imitation of the particle shapes. We study two different kinds of bead models: in the non-filled case the rod is represented by an array of identical, touching spheres on a straight line, while in the filled case, additional smaller spheres fill the gaps in the chain.
Apart from the numerical calculations, we provide a detailed theoretical description of the sphere-rod hydrodynamic interactions. In the frame of the bead model we analyze the two-body mobility matrix and derive an expression for the sphere mobility trace valid for large interparticle distances. We provide an analytical result for the diffusion coefficient as a function of the rod aspect ratio p in the limit of large p.
In Section II we start with the description of the system and we derive an expression for the diffusion coefficient in first order in the rod volume fraction φ. For low rod concentrations the correction to the Einstein diffusion constant of the sphere due to the presence of rods is a linear function of φ with the slope α proportional to the equilibrium averaged mobility diminution trace of the sphere interacting with a single freely translating and rotating rod.
In Section III we show how the coefficient α can be calculated numerically for the bead model of the rod using the multipole method. In Section IV we present analytical results, valid for long rods and based on the theoretical analysis of the two-particle mobility matrix presented in Appendix A. In Appendix B we derive an asymptotic form of the sphere mobility for large interparticle distances and long rods, which is used to support the numerical calculations presented and discussed in Section V. In Section VI we summarize the results.
II. SYSTEM DYNAMICS.
We consider a system consisting of a hard sphere of radius a and N identical rigid rods of length L and diameter D performing Brownian motion in a fluid of viscosity η and volume V . The configuration space X of the system is described by the position of the sphere r 0 , the centers of the rods R 1 , . . . , R N and the orientations of the rods u 1 , . . . , u N . The Brownian motion of the particles can be described by the Smoluchowski equation for the probability distribution P (X, t) for the configuration X = (r 0 , R 1 , . . . , R N , u 1 , . . . , u N ) at time t:
where D is the Smoluchowski operator given by
where k B is the Boltzmann constant, T is the temperature, Φ is the interaction potential and a shorthand notation has been used, incorporating summation over the particle indeces.
The differential operator ∇ X is defined by
where ∇ r 0 , ∇ R i denote gradients with respect to the position of the sphere and rod i, respectively, and ∇ u i means the gradient in the spherical coordinates on the unit sphere referring to rod i. For an explicit form of this operator we refer to the work of Jones. 22 The mobility matrix µ(X) relates the forces F and torques T exerted by the particles on the fluid to their translational and rotational velocities U and Ω:
where F = (F 0 , F 1 , . . . , F N ) and U = (U 0 , U 1 , . . . , U N ) are both 3(N + 1) dimensional vectors while T = (T 1 , . . . , T N ) and Ω = (Ω 1 , . . . , Ω N ) are 2N dimensional vectors. The part of the mobility matrix referring to the sphere µ tt 00 is given by the equation
where the dependence on the configuration of the whole system X has been indicated. We assume that the system is in equilibrium and concentrate on the Brownian motion of the sphere. We define the short-time self diffusion coefficient as the time derivative of the mean square displacement, in the limit of short times:
where . . . denotes the equilibrium average. The expression (6) can be evaluated using the Smoluchowski equation (1) and some properties of the Smoluchowski operator (2). The derivation can be found in the work of Pusey. 23 The result is:
Next, denoting for simplicity µ 00 =: µ tt 00 , we apply the cluster expansion
where
00 (r 0 ) is the mobility of a single sphere. Assuming translational invariance and isotropy of the fluid, we have µ (1) 00 (r 0 ) = µ 0 1, where µ 0 = 1/ζ 0 is the mobility of an isolated sphere and ζ 0 = 6πηa is the Stokes friction coefficient. Assuming low concentration of the rods and using (7) and (8) we arrive at the expansion of D s in the rod volume fraction φ:
where D 0 = k B T µ 0 is the Einstein diffusion constant, φ = vN/V with v being the volume of the rod and the coefficient α is proportional to the averaged trace of the two-particle mobility µ
00 ,
where the rod is assumed to be centered at the origin, R is the sphere position and g(R) is the two-particle low concentration distribution function given by In the next section we show how the sphere mobility µ 00 and, hence, the coefficient α can be calculated numerically using the multipole method.
III. THE MOBILITY MATRIX OF SPHERE IN PRESENCE OF ROD.
For the calculation of the hydrodynamic interactions we replace the rod of aspect ratio 
where p = p(r) is the pressure field. The resulting forces
, exerted by the particles on the fluid, can be related to the particle velocities by the resistance matrix
where:
and The forces F s and torques T s are determined by the boundary conditions on the particle surfaces. The problem can be solved by introducing force densities 12,27 f i (r) induced on surfaces of each particle i = 1, . . . , N s . For the stick boundary conditions the fluid velocity on a surface S i of particle i equals
and we obtain the following equation on the force densities:
where T(r) is the fundamental solution of the Stokes equations (12) called the Oseen tensor 25 and equal to
with r = |r| andr = r/r. Once the force densities are known, the total forces and torques can be calculated:
where i = 1, . . . , N s . Equation (17) (12), we obtain an infinite set of linear algebraic equations on the force multipoles f lmσ (i). In matrix representation in the multipole space, Eq. (17) becomes
where the contribution from the force density located on the particle i and contributions from the other particles have been separated. The multipole matrix elements of the single particle friction operator Z 0 (i) and the propagator G(ij) can be found in Refs. 18 and 20. In an abbreviated form, including the summation over the particle indices, the formal solution
In the last step the Cartesian components of the forces F In the numerical applications the multipole series is truncated and only the multipoles with l ≤ L max are taken into account. The resulting resistance matrix ζ Lmax converges quickly with L max , 17 provided there are no relative motions between the spheres. Otherwise, for the configurations near contact, the lubrication effects must be taken into account.
This has been done by Cichocki et. al, 16 who adapted the lubrication correction to the multipole scheme. It has been shown that separating out the collective motions and applying the lubrication corrections only to the relative motions leads to faster convergence of the multipole series.
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Having obtained the N s -particle resistance matrix we can group the spheres into two rigid assemblies, one being a single sphere and the second composed of remaining spheres and forming a stiff linear chain. The corresponding two-body resistance matrix for sphere and rod is obtained by a linear transformation according to the rigid-body constraints imposed on the spheres in the rod. Finally, the two-body mobility matrix is calculated by an inversion. Taking the translational part referring to the sphere, we obtain the desired quantity µ 00 . In the following section we derive an analytical expression for the coefficient α in the limit of large aspect ratios p. We show that the leading contribution can be obtained from the bead model taking into account only the lowest multipole.
IV. ANALYTICAL RESULTS FOR LONG RODS.
A. The Oseen approximation.
In many cases a realistic calculation of hydrodynamic properties of sphere conglomerates requires incorporating a large number of multipoles. 17 However, it is known that in case of linear chains, built of p spheres, the leading term in p results from the lowest multipole.
7,16
The torque and rotations as well as higher multipoles are neglected, so that the spheres are treated as point friction sources. The force acting on a chosen bead can be written as a sum of the single particle Stokes drag and the contributions from other beads:
where ζ s i is the Stokes friction coefficient of sphere i and
. Equation (23) is known in the literature as the Oseen approximation. 6, 28 In this model the resistance matrix reduces to its translational part denoted by ζ ij , i, j = 1, . . . , p:
So far we did not make any assumptions for the configuration of the spheres. In the special case of a linear chain, due to the axial symmetry, assuming equal sizes of spheres so that ζ s i = ζ for all i, the resistance matrix ζ ij can be expressed by two scalar functions φ ij and ψ ij ,
where d is the unit vector parallel to the rod axis. If the beads touch each other, we take 
where the beads are now labeled from −n to n and 2n+1 = p. For large p the above discrete equations can be replaced by an integral equation of the form
and
The solution of this type of equation was found by Riseman and Kirkwood 6,7 by means of the Fourier transform. To a detailed discussion of the method we refer also to the review of Zwanzig et al.. 29 In the limit p → ∞ we find
where δ(x − y) is the Dirac delta. We can apply the Oseen approximation in its general form (23) also for a system consisting of an additional sphere outside the chain. This brings us back to the rod-sphere problem. Having found the friction functions φ ij and ψ ij and using the results from Appendix A, we can calculate the coefficient α, defined in Section II, analytically in the limit p → ∞.
B. Coefficient α in leading order in p.
We choose the coordinate system such that the rod axis points in the Z direction and the sphere position R is described by the distance R = |R| and the angle θ between R and the Z-axis (FIG. 2) . The mobility matrix of the sphere can be obtained by summing up contributions from all possible scattering sequences between the sphere and the beads in the rod, starting and ending on the sphere. In the limit p → ∞ the leading contribution comes from the sequence containing two propagators attached to the sphere (FIG. 2) . Then:
whereζ ij is the effective resistance matrix for the beads of the force-and torque-free rod and
Due to the axial symmetryζ ij can be written in the following form:
whereφ ij andψ ij are the scalar friction functions modified according to the constraint of rigid body motion of the rod (see Appendix A), where the functions φ ij and ψ ij are defined in Eq. (25) 
We note that the above relations are consistent with the fact that the total force and torque on the rod vanish.
The expression (33) can be used in the calculation of the coefficient α using Eq. (10).
The Oseen tensors T 0i decay like O(R −1 ), so that the integrals diverge, but the diverging parts cancel under summation. We can avoid dealing with the infinities, when we replace the tensors T 0i by T 0i − T(R), which behave like O(R −2 ). This can be done as soon as relations (37) hold.
We take the rod length L as the length unit and introduce dimensionless quantities
The volume v of a cap-ended cylinder of aspect ratio p and diameter D equals v = πD
In the limit of large rod lengths L → ∞, keeping the rod diameter D and the tracer sphere radius a constant, the distribution function g(R * ) equals unity on the whole space and the asymptotic form of α, according to Eqs. (10), (35), (38) and (39), reads:
Performing the integration leads to
Using Eqs. (31), (32) and (36) and replacing the sums by integrals, we arrive at
where the higher order corrections O((log p) −1 ) contain also terms O(p −1 ), which arise from approximating sums by integrals. From Eqs. (42) and (9) it follows, that for very thin rods the first order correction to the Einstein diffusion constant, equal −D 0 αφ, is proportional to L 2 / log p and does not depend on the tracer sphere size, as long as the sphere radius a is sufficiently small in comparison with the rod length L. More precisely, this result is valid in the limit log L log D with D/a kept constant, which means that we must also have log L log a. However, when this condition is not satisfied, the dependence on a appears in a correction to Eq. (42), which then must be taken into account.
In the next two sections we investigate numerically the case of the tracer sphere equal to the beads in the rod, 2a = D. Then µ 0 ζ = 1 and the prefactor in Eq. (42) reduces to 17/30, which we compare with the numerical results for very long rods.
V. NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS.
The integration according to Eq. (10) has been performed using the Gaussian quadrature method. Due to the rotational and reflectional symmetry of the mobility matrix, the integration area could be reduced to the first quarter of the XZ-plane.
To optimize the calculations, the numerical integrals have been performed separately on the three sub-areas A i , i = 1, 2, 3:
where all lengths are normalized to the sphere diameter D and d((X, Z), S) denotes the distance between a point (X, Z) and the rod surface S. To optimize the accuracy of the quadratures, X i have been set such that X i /X i+1 does not exceed 30. For the distances R = R/D > 4p, according to the considerations in Appendix B, the integral could be performed analytically using the expression:
where the coefficients A, C 1 , C 2 were obtained from a fit to the numerical data at R = 7p. 
where γ(p) is a function depending on the shape details of the rod. From the theoretical considerations (42) we can suppose that for large p the function should be approximately
given by a series in (log p) −1 . From a fit to the numerical data for 20 < p < 1000 we have In FIG. 5 b) we compare the expression (45) with the numerical values of
Again we find a good agreement between the fit and the data. In this appendix we analyze hydrodynamic interactions between a sphere and a rod. In the limit of long rods, using the bead model, we estimate the behavior of the friction tensors for large p and obtain the mobility matrix µ 00 of the sphere in leading order in p. Denoting the sphere and the rod by indices 0 and 1, respectively, we define the corresponding two-body resistance matrix in the Cartesian coordinates:
A 00 A 01 B 00 B 01
B 00 B 01 C 00 C 01
where A ij , B ij , B ij , C ij , i, j = 1, 2 are the two-particle friction tensors. From the Lorentz reciprocal theorem follow the symmetry properties:
In the mobility problem we are interested in an inverse relation, 
where the mobility tensors a ij , b ij , b ij , c ij , i, j = 1, 2 have symmetry properties analogical to those for the friction tensors in Eq. (A2). We note that a 00 = µ 00 is the desired mobility matrix of the sphere in presence of a rod. First we estimate the elements of the resistance matrix using the bead model for large p and keep only the leading terms. Like in Section IV,
we introduce a dimensionless distance R * = R/L and take the limit p → ∞ with R * = const.
Each of the tensors in Eq. (A1) refers to a particular physical situation. As an example we choose A 01 , which describes the case of a translating rod and a fixed sphere. The fluid velocity field, produced by the rod moving with translational velocity U 1 , results in the force A 01 U 1 , exerted by the sphere on the fluid. In the bead model this force is given by a sum over the beads i = 1, . . . , p of a product ζ 0 T 0i F s i , where T 0i is the Oseen tensor and F s i is the force on bead i. The latter is again related to the velocities of the beads by the resistance matrix ζ ij . Taking all velocities equal to U 1 , we finally obtain:
where further reflections between the tracer sphere and the beads can be neglected when p → ∞. To estimate the asymptotic dependence of A 01 on p, we use the axisymmetric form (25) of ζ ij with the friction functions φ ij and ψ ij . In the limit p → ∞, according to Eq.
(32), the functions differ only by a prefactor, so it is sufficient to estimate the double sum
, where the factor 1/R * 0i comes from the Oseen tensor and R * 0i = R 0i /L. Using the integral representation, we obtain
where t(x; R * , θ) = R/R 0i is a function that parametrically depends on R * and θ but not on p and the function f (x, y), given by Eq. (32), is O(1/ log p). Hence, we we can write Eq.
(A4) as
where A 01 = A 01 (R * ) is a matrix independent of p, which we specify at the end of the appendix. Similarly, we obtain
ζp log p A 00 + o(1/p log p)
Remaining tensors of the resistance matrix in Eq. (A1) are of the following orders:
C 00 = O(1),
Now let us go back to the mobility problem from Eq. (A3). We can calculate the mobility tensor a 00 by putting F 1 = T 1 = T 0 = 0 in Eq. (A1) and solving with respect to F 0 . We obtain a direct relation between F 0 and U 0 , which we invert and keep the leading terms in p. Finally, the two particle mobility of the sphere reads
where L A is an antisymmetric matrix defined in Eq. (B11) and T * 0i is the Oseen tensor normalized to ζp (see Eq. (38)). In this Appendix we derive a far-field form of the sphere mobility matrix µ 00 . Taking the limit p → ∞ we calculate the coefficients A, C 1 , C 2 for the two-particle mobility trace in Eq. (43).
If we assume, that the rod acts on the fluid by the force F 1 , the torque T 1 and the symmetric dipole moment S 1 , the resulting velocity field v 1 (R) at a position R relative to the rod center, where |R| >> L, can be written in the form of the Taylor series
where the superscript S denotes the symmetric traceless part and
where f (r) is the surface force density on the rod surface ∂v. As soon as the rod moves freely, the lowest non-vanishing force multipole moment is the symmetric dipole moment S 1 . In the following, we evaluate S 1 in the limit p → ∞ using the bead model. 
where A, C, H and M are the friction tensors of the rod and the remaining tensors are zero due to the axial symmetry. According to the Lorentz reciprocal theorem the following relations hold:
From Eqs. (B9) and (B8) the angle dependence of the two-particle mobility trace Tr[µ (2) 00 ] can be shown to be a linear combination of unity, cos 2 θ and cos 4 θ. This is due to the form of tensors d 
Analogously, we can express the velocity multipoles of the rod in terms of the single particle velocity multipoles. Then, comparing with Eq. (B3), we obtain the following approximate formulae for the friction tensors: (B20) 
